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The dynamic electromechanical behavior of a triple-layer piezoelectric composite cylinder
with imperfect interfaces is investigated. The composite cylinder is constructed by two
elastic layers and an embedded piezoelectric layer. A linear spring model is adopted to
describe the weakness of imperfect interface. The exact analysis is performed by the state
space method and normal mode expansion method. The determining procedure for the
eigenfunction and the proof of the orthogonal property of the eigenfunction is presented
for an imperfectly bonded triple-layer piezoelectric composite cylinder. The obtained solu-
tion is valid for analyzing the dynamic electromechanical behavior of composite cylinder
with arbitrary thickness for both elastic and piezoelectric layers. Numerical results show
that the weakness of imperfect interface has signiﬁcant effect on the transient electrome-
chanical responses of piezoelectric composite cylinder.
 2010 Elsevier Inc. All rights reserved.1. Introduction
Due to the special electromechanical coupling effects, piezoelectric materials have been widely used in many industrial
applications such as vibration control, ultrasonic motor, structural health monitoring, intelligent systems etc. With the
increasing requirement in materials, more and more piezoelectric composites are explored and many new devices and sys-
tems have been designed and manufactured [1–3]. The advantage of composites is that they usually exhibit the best qualities
of their constituents. In order to know the performance of the piezoelectric composites exactly, a deeper investigation for
their mechanical and electric characteristics is always required.
Many theoretical investigations have been reported in the analysis for piezoelectric composite structures with perfectly
bonded interfaces. The topics include static analysis, free vibration, wave propagation and transient response. Heyliger [4]
studied the static behavior of simply supported laminated piezoelectric cylinders. Wang and Zhong [5] analyzed the
mechanical, electric and magnetic ﬁelds in a ﬁnitely long circular cylindrical shell of a piezoelectric/piezomagnetic compos-
ite under pressuring and temperature change. Chen and Shi [6] completed the exact static analysis of double-layered piezo-
electric hollow cylinder under some coupled loadings. Kharouf and Heyliger [7] studied the axisymmetric free vibrations
laminated piezoelectric cylinders. Hussein and Heyliger [8] investigated the three-dimensional vibrations of layered piezo-
electric cylinders. Chen et al. [9] presented a perfectly bonded laminate model to study the 3D free vibration of a functionally
graded piezoelectric hollow cylinder ﬁlled with compressible ﬂuid. Wang et al. [10] studied the SH wave propagating around
a long metallic cylinder covered with a piezoelectric layer. Du et al. [11] investigated the SH wave propagation in a cylindri-
cally layered piezoelectric structures with initial stress. Li and Lee reported the fracture analysis of a cylindrical piezoelectric. All rights reserved.
70.
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hollow cylinder and multilayered piezoelectric hollow cylinder, respectively.
On the other hand, for composite structures, there often have inherent disadvantages, for instance, the presence of crack
or defect or delamination in the interface during the fabrication process. Recently, the investigations considering the inter-
laminar bonding imperfections have been increasing interested by scientist and engineers. Huang and Rohhlin [15] investi-
gated the interface waves propagating along an anisotropic imperfect interface between anisotropic solids. Cheng et al. [16]
studied the static bending behavior of multilayered anisotropic plates with weakened interfaces. Berger et al. [17] analyzed
dispersion curves of torsional waves in a biomaterial elastic cylinder with an imperfect interface. Chen et al. [18] and Chen
and Lee [19] obtained the exact solutions of laminated orthotropic piezoelectric rectangular plates and angle-ply piezoelec-
tric-laminated cylindrical panels with weak interfaces, respectively. Wang et al. [20] studied the scattering of antiplane shear
wave by a piezoelectric circular cylinder with an imperfect interface. Li and Lee [21–23] carried out the fracture analysis on
the interfacial imperfections in piezoelectric layered structures.
There are rare publications can be cited in transient analysis of piezoelectric composite structures by taking into account
the effects of imperfectly bonding interface. The motivation for this study comes from the application of piezoelectric cylin-
drical actuators and sensors with their inner and outer layers are the electrodes. In theoretical analysis, the electrodes can be
treated as elastic layers and then such actuators and sensors can be modeled as triple-layer piezoelectric composite cylinders
and the effect of the electrodes on the static response has been considered [24]. Due to the difﬁculties, up to now, no results
have been reported for the dynamic analysis for a triple-layer piezoelectric composite cylinder with imperfection interfaces.
In this investigation, a general linear spring-layer model is employ to describe the weakness of the imperfect interface be-
tween the piezoelectric layer and the electrode layer. The elastodynamic solution of a triple-layer piezoelectric composite
cylinder with imperfection interfaces is obtained and the dynamic electromechnical characteristics are illustrated
graphically.
2. Basic equations
Fig. 1 shows the cross-section of an inﬁnite long triple-layer piezoelectric composite hollow cylinder. The radius of each
interface from the inner to the outer is denoted as ri (i = 0,1,2,3). The middle layer is piezoelectric and the inner and outer
layers are elastic. In the following statements and equations, the quantities with superscripts ‘‘1” and ‘‘3” denote those for
elastic layers and the quantities with superscript ‘‘2” denote those for piezoelectric layer. In the polar coordinate system, for
radial vibration, we haveuðiÞr ¼ uðiÞr ðr; tÞ ði ¼ 1;2;3Þ;
Uð2Þ ¼ Uð2Þðr; tÞ;
ð1Þwhere uðiÞr is the radial displacement component in both elastic and piezoelectric layers and U(2) denotes the electric poten-
tial in piezoelectric layer. If both elastic and piezoelectric layers characterize material orthotropy and the piezoelectric layer
is polarized radially, then the constitutive relations arerðiÞhh ¼ cðiÞ11
uðiÞr
r
þ cðiÞ13
@uðiÞr
@r
;
rðiÞrr ¼ cðiÞ13
uðiÞr
r
þ cðiÞ33
@uðiÞr
@r
ði ¼ 1;3Þ;
ð2aÞelastic layer 
piezoelectric layer
r 
θ
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Fig. 1. Cross-section of piezoelectric composite hollow cylinder.
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uð2Þr
r
þ cð2Þ13
@uð2Þr
@r
þ eð2Þ31
@Uð2Þ
@r
;
rð2Þrr ¼ cð2Þ13
uð2Þr
r
þ cð2Þ33
@uð2Þr
@r
þ eð2Þ33
@Uð2Þ
@r
;
Dð2Þrr ¼ eð2Þ31
uð2Þr
r
þ eð2Þ33
@uð2Þr
@r
 eð2Þ33
@Uð2Þ
@r
;
ð2bÞwhere rðiÞjj ði ¼ 1;2;3; j ¼ r; hÞ are the components of stress, and Dð2Þrr is the radial electric displacement in piezoelectric layer.
cðiÞjm ði ¼ 1;2;3; j ¼ 1;3;m ¼ 1;3Þ; eð2Þ31 ; eð2Þ33 and eð2Þ33 are the elastic, piezoelectric and dielectric constants, respectively. The equa-
tion of motion is@rðiÞrr
@r
þ r
ðiÞ
rr  rðiÞhh
r
¼ qðiÞ @
2uðiÞr
@t2
ði ¼ 1;2;3Þ; ð3Þwhere q(i) is the mass density of the ith layer. For piezoelectric layer, in the absence of free charge density, the charge equa-
tion of electrostatics is1
r
@
@r
rDð2Þrr
h i
¼ 0: ð4ÞSuppose the piezoelectric composite cylinder is subjected to dynamic pressure Q1(t) and Q2(t) at the inner and outer surfaces,
respectively. U1(t) and U2(t) are the prescribed electric potential excitations applied on the internal and external surfaces of
piezoelectric layer, respectively. Then the boundary conditions are expressed asrð1Þrr ðr0; tÞ ¼ Q1ðtÞ; rð3Þrr ðr3; tÞ ¼ Q2ðtÞ; ð5Þ
Uð2Þðr1; tÞ ¼ U1ðtÞ; Uð2Þðr2; tÞ ¼ U2ðtÞ: ð6ÞFor piezoelectric composites under electromechanical loading, the interface might be mechanically and/or electrically
imperfect. It is found that the former has more remarkable effect on the fracture behavior of the composite [21–23], that
is to say, the former is more serious than the latter. In the current paper, only the more serious interfacial imperfection
(i.e., mechanical imperfection) is considered. Here, the imperfect interface is modeled as linear spring layers as extensively
employed in many publications [18–23]. Thusrð2Þrr ðr1; tÞ ¼ rð1Þrr ðr1; tÞ; rð3Þrr ðr2; tÞ ¼ rð2Þrr ðr2; tÞ;
uð2Þr ðr1; tÞ  uð1Þr ðr1; tÞ ¼ v1rð1Þrr ðr1; tÞ;
uð3Þr ðr2; tÞ  uð2Þr ðr2; tÞ ¼ v2rð2Þrr ðr2; tÞ;
ð7Þwhere v1 and v2 are the compliance constants of the inner and outer interfaces. Especially, for perfectly bonded interface, we
have vi = 0 (i = 1,2). Suppose the composite cylinder is at rest at the prior, then the initial conditions (t = 0) for each layer are
expressed asuðiÞr ðr;0Þ ¼ 0; _uðiÞr ðr; 0Þ ¼ 0 ði ¼ 1;2;3Þ; ð8Þ
where a dot over a quantity denotes partial derivative with respect to time t.
3. Governing equations for mechanical ﬁeld
The solution of Eq. (4) can be obtained asDð2Þrr ðr; tÞ ¼ yðtÞ=r; ð9Þwhere y(t) is an unknown function with respect to time t. Then the third equation in Eq. (2b) can be rewritten as.@Uð2Þ
@r
¼ e
ð2Þ
31
eð2Þ33
uð2Þr
r
þ e
ð2Þ
33
eð2Þ33
@uð2Þr
@r
 1
eð2Þ33
yðtÞ
r
: ð10ÞThe substitution of Eq. (10) into the ﬁrst two equations in Eq. (2b) derivesrð2Þhh ¼ ~cð2Þ11
uð2Þr
r
þ ~cð2Þ13
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@r
 e
ð2Þ
31
eð2Þ33
yðtÞ
r
;
rð2Þrr ¼ ~cð2Þ13
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33
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;
ð11Þ
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For the sake of simplicity, the following non-dimensional quantities and variables are introduced asuðiÞ ¼ u
ðiÞ
r
r3
; rðiÞj ¼
rðiÞjj
cð2Þ33
ðj ¼ r; hÞ; /ð2Þ ¼ U
ð2Þ
U0
; Dð2Þr ¼
Dð2Þrr
e0
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r3e0
;
n ¼ r
r3
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r3
t; eð2Þj ¼
eð2Þ3j
e0
; qðiÞ ¼ q
ðiÞ
qð2Þ
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Q1
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Q2
cð2Þ33
;
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U1
U0
; /2 ¼
U2
U0
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cð2Þ33
; cð2Þjm ¼
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cð2Þ33
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cð2Þ33
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r0
r3
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r1
r3
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r2
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r3
r3
¼ 1; v1 ¼ c
ð2Þ
33
r3
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cð2Þ33
r3
v2;
U0 ¼ r3
ﬃﬃﬃﬃﬃﬃﬃ
cð2Þ33
eð2Þ33
vuut ; e0 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcð2Þ33 eð2Þ33q ; cv ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
cð2Þ33
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s
:
ð13ÞBy virtue of Eq. (13), Eqs. (2a), (11) and (3) can be rewritten asRðiÞh ¼ cðiÞ11uðiÞ þ cðiÞ13ruðiÞ;
RðiÞr ¼ cðiÞ13uðiÞ þ cðiÞ33ruðiÞ ði ¼ 1;3Þ;
ð14aÞ
Rð2Þh ¼ cð2Þ11 uð2Þ þ cð2Þ13ruð2Þ  eð2Þ1 gðsÞ;
Rð2Þr ¼ cð2Þ13 uð2Þ þ cð2Þ33ruð2Þ  eð2Þ3 gðsÞ;
ð14bÞ
rRðiÞr  RðiÞh ¼ n2qðiÞ
@2uðiÞ
@s2
ði ¼ 1;2;3Þ; ð15ÞwhereRðiÞr ¼ nrðiÞr ; RðiÞh ¼ nrðiÞh ; r ¼ n
@
@n
: ð16ÞSubsequently, Eqs. (5), (7) and (8) can be rewritten asRð1Þr ðn0; sÞ ¼ n0q1ðsÞ; Rð3Þr ð1; sÞ ¼ q2ðsÞ; ð17Þ
Rð2Þr ðn1; sÞ ¼ Rð1Þr ðn1; sÞ; Rð3Þr ðn2; sÞ ¼ Rð2Þr ðn2; sÞ;
uð2Þðn1; sÞ  uð1Þðn1; sÞ ¼ v1Rð1Þr ðn1; sÞ=n1;
uð3Þðn2; sÞ  uð2Þðn2; sÞ ¼ v2Rð2Þr ðn2; sÞ=n2;
ð18Þ
uðiÞðn;0Þ ¼ 0; _uðiÞðn;0Þ ¼ 0 ði ¼ 1;2;3Þ; ð19Þ
In Eq. (19) and hereafter, a dot over a quantity denotes its partial derivative with respect to the non-dimensional time s.
4. Solution for mechanical ﬁeld
The solution of elastodynamic equations can be obtained by the eigenfunction expansion method [25,26]. In solving the
elastodynamic problems with inhomogeneous mechanical boundary conditions, one key step is the homogenization of the
mechanical boundary conditions. Based on this homogenization procedure, then we can deduce an eigenequation, from
which the natural frequencies can be determined. The homogenization of the mechanical boundary conditions can be real-
ized by the superposition method. In this method, the complete solution is treated as the superposition of a quasi-static solu-
tion and a dynamic one [25,26]. This section will present a detailed procedure in solving the considered elastodynamic
problem.
4.1. The homogenization for mechanical boundary conditions
To homogenize the mechanical boundary conditions, the displacement and stresses are treated asuðiÞ ¼ uðiÞs þ uðiÞd ; RðiÞr ¼ RðiÞrs þ RðiÞrd ; RðiÞh ¼ RðiÞhs þ RðiÞhd ði ¼ 1;2;3Þ; ð20Þ
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rs and R
ðiÞ
hs are known as quasi-static solution and u
ðiÞ
d ;R
ðiÞ
rd and R
ðiÞ
hd are dynamic solution. The governing equations
for quasi-static solution are given asRðiÞhs ¼ cðiÞ11uðiÞs þ cðiÞ13ruðiÞs ;
RðiÞrs ¼ cðiÞ13uðiÞs þ cðiÞ33ruðiÞs ði ¼ 1;3Þ;
ð21aÞ
Rð2Þhs ¼ cð2Þ11 uð2Þs þ cð2Þ13ruð2Þs  eð2Þ1 gðsÞ;
Rð2Þrs ¼ cð2Þ13 uð2Þs þ cð2Þ33ruð2Þs  eð2Þ3 gðsÞ;
ð21bÞ
rRðiÞrs  RðiÞhs ¼ 0 ði ¼ 1;2;3Þ; ð22Þ
Rð1Þrs ðn0; sÞ ¼ n0q1ðsÞ; Rð3Þrs ð1; sÞ ¼ q2ðsÞ; ð23Þ
Rð2Þrs ðn1; sÞ ¼ Rð1Þrs ðn1; sÞ; Rð3Þrs ðn2; sÞ ¼ Rð2Þrs ðn2; sÞ;
uð2Þs ðn1; sÞ  uð1Þs ðn1; sÞ ¼ v1Rð1Þrs ðn1; sÞ=n1;
uð3Þs ðn2; sÞ  uð2Þs ðn2; sÞ ¼ v2Rð2Þrs ðn2; sÞ=n2;
ð24ÞSubstituting Eq. (20) into Eqs. (14a), (14b) and (15) as well as Eqs. (17)–(19) and utilizing Eqs. (21a), (21b), (22)–(24), the
governing equations for dynamic solution uðiÞd ;R
ðiÞ
rd and R
ðiÞ
hd are then constructed asRðiÞhd ¼ cðiÞ11uðiÞd þ cðiÞ13ruðiÞd ;
RðiÞrd ¼ cðiÞ13uðiÞd þ cðiÞ33ruðiÞd ði ¼ 1;2;3Þ;
ð25Þ
rRðiÞrd  RðiÞhd ¼ qðiÞn2ð€uðiÞd þ €uðiÞs Þ ði ¼ 1;2;3Þ; ð26Þ
Rð1Þrd ðn0; sÞ ¼ 0; Rð3Þrd ð1; sÞ ¼ 0; ð27Þ
Rð2Þrd ðn1; sÞ ¼ Rð1Þrd ðn1; sÞ; Rð3Þrd ðn2; sÞ ¼ Rð2Þrd ðn2; sÞ;
uð2Þd ðn1; sÞ  uð1Þd ðn1; sÞ ¼ v1Rð1Þrd ðn1; sÞ=n1;
uð3Þd ðn2; sÞ  uð2Þd ðn2; sÞ ¼ v2Rð2Þrd ðn2; sÞ=n2;
ð28Þ
uðiÞd ðn;0Þ ¼ uðiÞs ðn;0Þ; _uðiÞd ðn;0Þ ¼  _uðiÞs ðn;0Þ ði ¼ 1;2;3Þ: ð29Þ
Eq. (27) denotes that the inhomogeneous mechanical boundary conditions (17) have been transformed into homogeneous
ones.
4.2. Quasi-static solution
State space method will be employed to develop the quasi-static solution. First, the expressions for ruðiÞs ði ¼ 1;2;3Þ are
obtained from the second equations in Eqs. (21a) and (21b) asruðiÞs ¼ RðiÞrs  cðiÞ13uðiÞs
 
=cðiÞ33 ði ¼ 1;3Þ;
ruð2Þs ¼ Rð2Þrs  cð2Þ13 uð2Þs þ eð2Þ3 gðsÞ
 
=cð2Þ33 ;
ð30ÞThen substituting the ﬁrst equations in Eqs. (21a) and (21b) into Eq. (22) and utilizing Eq. (30), we obtain the expression for
rRðiÞrs ði ¼ 1;2;3Þ. Finally, expressions for ruðiÞs and rRðiÞrs ði ¼ 1;2;3Þ can be rewritten in a matrix form asrXðiÞðn; sÞ ¼ NðiÞXðiÞðn; sÞ ði ¼ 1;3Þ; ð31aÞ
rXð2Þðn; sÞ ¼ Nð2ÞXð2Þðn; sÞ þ Lð2ÞgðsÞ; ð31bÞwhereXðiÞðn; sÞ ¼ u
ðiÞ
s ðn; sÞ
RðiÞrs ðn; sÞ
( )
; NðiÞ ¼ a
ðiÞ
11 a
ðiÞ
12
aðiÞ21 a
ðiÞ
22
" #
ði ¼ 1;2;3Þ; Lð2Þ ¼ a
ð2Þ
13
að2Þ23
( )
; ð32Þin whichaðiÞ11 ¼ cðiÞ13=cðiÞ33; aðiÞ12 ¼ 1=cðiÞ33; aðiÞ21 ¼ cðiÞ11 þ cðiÞ13aðiÞ11; aðiÞ22 ¼ cðiÞ13aðiÞ12 ði ¼ 1;2;3Þ; að2Þ13 ¼ eð2Þ3 =cð2Þ33 ; að2Þ23 ¼ cð2Þ13 að2Þ13  eð2Þ1 :
ð33Þ
1770 H.M. Wang /Applied Mathematical Modelling 35 (2011) 1765–1781Eqs. (31a) and (31b) are just the state equations for solving the quasi-static solution. The solutions of Eqs. (31a) and (31b) areXðiÞðn; sÞ ¼ T ðiÞðnÞXðiÞðni1; sÞ ðni1 6 n 6 ni; i ¼ 1;3Þ; ð34aÞ
Xð2Þðn; sÞ ¼ T ð2ÞðnÞ½Xð2Þðn1; sÞ þ Gð2ÞðnÞgðsÞ ðn1 6 n 6 n2Þ; ð34bÞwhereT ðiÞðnÞ ¼ ðn=ni1ÞN
ðiÞ ði ¼ 1;2;3Þ;
Gð2ÞðnÞ ¼
Z n
n1
f1½T ð2ÞðfÞ1Lð2Þdf:
ð35ÞUtilizing the introduced state vector X(i)(n,s), Eq. (28), the transfer relations at the weakly interfaces, can be rewritten asXð2Þðn1; sÞ ¼ Pð1ÞXð1Þðn1; sÞ;
Xð3Þðn2; sÞ ¼ Pð2ÞXð3Þðn2; sÞ;
ð36ÞwherePð1Þ ¼ 1
v1=n1
0 1
 
; Pð2Þ ¼ 1
v2=n2
0 1
 
: ð37ÞWith the aid of Eqs. (34a), (34b) and (36), we haveXð3Þðn3; sÞ ¼ HXð1Þðn0; sÞ þMgðsÞ; ð38Þ
whereH ¼ T ð3Þðn3ÞPð2ÞT ð2Þðn2ÞPð1ÞT ð1Þðn1Þ;
M ¼ T ð3Þðn3ÞPð2ÞT ð2Þðn2ÞGð2Þðn2Þ:
ð39ÞUtilizing the boundary conditions (23), Eq. (38) can be written in speciﬁed form asuð3Þs ð1; sÞ
q2ðsÞ
( )
¼ H11 H12
H21 H22
 
uð1Þs ðn0; sÞ
n0q1ðsÞ
( )
þ M1
M2
 
gðsÞ: ð40ÞFrom the second equation in Eq. (40), we obtainuð1Þs ðn0; sÞ ¼ ½q2ðsÞ  H22n0q1ðsÞ M2gðsÞ=H21: ð41Þ
Substituting Eq. (41) into Eqs. (34a), (34b) and utilizing Eq. (36), uðiÞs ðn; sÞ ði ¼ 1;2;3Þ is then determined completely asuðiÞs ðn; sÞ ¼ f ðiÞ1 ðnÞq1ðsÞ þ f ðiÞ2 ðnÞq2ðsÞ þ f ðiÞ3 ðnÞgðsÞ ði ¼ 1;2;3Þ; ð42Þ
The detailed procedure for determining f ðiÞj ðnÞ ði ¼ 1;2;3; j ¼ 1;2;3Þ is presented in Appendix A.
4.3. Dynamic solution
Substituting Eq. (25) into Eq. (26) and utilizing Eq. (42), we obtain@2uðiÞd
@n2
þ 1
n
@uðiÞd
@n
 l
2
i
n2
uðiÞd ¼
1
c2i
@2uðiÞd
@s2
þ f ðiÞ1 ðnÞ
d2q1ðsÞ
ds2
þ f ðiÞ2 ðnÞ
d2q2ðsÞ
ds2
þ f ðiÞ3 ðnÞ
d2gðsÞ
ds2
" #
ði ¼ 1;2;3Þ; ð43Þwhereli ¼
ﬃﬃﬃﬃﬃﬃ
cðiÞ11
cðiÞ33
vuut ; ci ¼
ﬃﬃﬃﬃﬃﬃﬃ
cðiÞ33
qðiÞ
s
ði ¼ 1;2;3Þ: ð44ÞThe normal mode expansion method, also named as eigenfunction expansion method, will be introduced to solve the dy-
namic solution uðiÞd ðn; sÞ. We assumeuðiÞd ðn; sÞ ¼
X1
m¼1
RðiÞm ðxm; nÞXmðsÞ ði ¼ 1;2;3Þ; ð45Þwhere Xm(s) is an undetermined function.xm and RðiÞm ðxm; nÞ are eigenfrequency and eigenfunction, respectively. The deter-
mination of xm and RðiÞm ðxm; nÞ and the orthogonal property of RðiÞm ðxm; nÞ for a triple-layer piezoelectric composite cylinder
with imperfect interface are presented in Appendices B and C, respectively.
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m¼1
RðiÞm ðxm; nÞ
d2XmðsÞ
ds2
þx2mXmðsÞ
" #
¼ f ðiÞ1 ðnÞ
d2q1ðsÞ
ds2
 f ðiÞ2 ðnÞ
d2q2ðsÞ
ds2
 f ðiÞ3 ðnÞ
d2gðsÞ
ds2
: ð46ÞWith the aid of the orthogonal property of RðiÞm ðxm; nÞ, see Appendix C, Eq. (46) can be simpliﬁed as
d2XmðsÞ
ds2
þx2mXmðsÞ ¼ pmðsÞ ðm ¼ 1;2; . . . ;1Þ; ð47ÞwherepmðsÞ ¼ I1m€q1ðsÞ þ I2m€q2ðsÞ þ I3m€gðsÞ;
Ijm ¼  1Jm
X3
i¼1
Z ni
ni1
qðiÞff ðiÞj ðfÞRðiÞm ðxm; fÞdf ðj ¼ 1;2;3Þ;
ð48ÞIn which Jm is presented in Eq. (C.19) in Appendix C. The solution of Eq. (47) isXmðsÞ ¼ Xmð0Þ cosxmsþ
_Xmð0Þ
xm
sinxmsþ 1xm
Z s
0
pmð1Þ sinxmðs 1Þd1: ð49ÞNotice that €q1ðsÞ; €q2ðsÞ and €gðsÞ are involved in pm(s) as shown in the ﬁrst equation in Eq. (48). By employing the integration-
by-parts formula and further employing the initial conditions in Eq. (29), Eq. (49) can be rewritten asXmðsÞ ¼ X1mðsÞ þ I3mgðsÞ  I3mxm
Z s
0
gð1Þ sinxmðs 1Þd1; ð50ÞwhereX1mðsÞ ¼ I1mq1ðsÞ  I1mxm
Z s
0
q1ð1Þ sinxmðs 1Þd1þ I2mq2ðsÞ  I2mxm
Z s
0
q2ð1Þ sinxmðs 1Þd1: ð51Þ4.4. Determination for electric ﬁeld
Utilizing the introduced non-dimensional quantities and variables in Eq. (13), Eq. (10) can be rewritten as@/ð2Þ
@n
¼ eð2Þ1
uð2Þ
n
þ eð2Þ3
@uð2Þ
@n
 gðsÞ
n
: ð52ÞThe substitution of Eqs. (42) and (45) into the ﬁrst equation in Eq. (20) derivesuðiÞðn; sÞ ¼
X1
m¼1
RðiÞm ðxm; nÞXmðsÞ þ f ðiÞ1 ðnÞq1ðsÞ þ f ðiÞ2 ðnÞq2ðsÞ þ f ðiÞ3 ðnÞgðsÞ: ð53ÞIntegrating Eq. (52) over the spatial interval [n1,n2] and utilizing Eqs. (50) and (53), we obtainwðsÞ ¼ A1gðsÞ þ
X1
m¼1
A2m
Z s
0
gð1Þ sinxmðs 1Þd1; ð54ÞwherewðsÞ ¼ /2ðsÞ  /1ðsÞ  B3q1ðsÞ  B4q2ðsÞ 
X1
m¼1
B2mX1mðsÞ;
A1 ¼ B1 þ
X1
m¼1
B2mI3m; A2m ¼ xmB2mI3m;
B1 ¼ eð2Þ1
Z n2
n1
f1f ð2Þ3 ðfÞdfþ eð2Þ3 f ð2Þ3 ðn2Þ  f ð2Þ3 ðn1Þ
h i
 lnðn2=n1Þ;
B2m ¼ eð2Þ1
Z n2
n1
f1Rð2Þm ðxm; fÞdfþ eð2Þ3 Rð2Þm ðxm; n2Þ  Rð2Þm ðxm; n1Þ
h i
;
B3 ¼ eð2Þ1
Z n2
n1
f1f ð2Þ1 ðfÞdfþ eð2Þ3 f ð2Þ1 ðn2Þ  f ð2Þ1 ðn1Þ
h i
;
B4 ¼ eð2Þ1
Z n2
n1
f1f ð2Þ2 ðfÞdfþ eð2Þ3 f ð2Þ2 ðn2Þ  f ð2Þ2 ðn1Þ
h i
:
ð55Þ
1772 H.M. Wang /Applied Mathematical Modelling 35 (2011) 1765–1781Eq. (54) is a Volterra integral equation of the second kind [27]. By the newly developed method [28], Eq. (54) can be solved
efﬁciently and the displacement, electric potential and stresses can be determined completely.Table 1
Elastic, piezoelectric and dielectric constants.
Material constant BaTiO3 Aluminum
c11 (GPa) 150.0 102.0
c12 (GPa) 66.0 50.0
c13 (GPa) 66.0 50.0
c23 (GPa) 66.0 50.0
c33 (GPa) 146.0 102.0
e31 (C/m2) 4.35 –
e32 (C/m2) 4.35 –
e33(C/m2) 17.5 –
e33(109 F/m) 15.04 –
q(103 kg/m3) 5.7 2.7
Table 2
The ﬁrst ﬁve eigenfrequencies for different values of v1 and v2.
v1 v2 x1 x2 x3 x4 x5
0.0 0.0 1.414521 6.323589 13.39736 21.26951 28.77129
0.1 0.1 1.410613 5.378478 9.236587 15.48659 24.67354
0.2 0.2 1.406798 4.735825 7.402621 13.81301 23.70794
0.3 0.3 1.403076 4.286333 6.365203 13.07004 23.31265
0.5 0.5 1.395907 3.702749 5.195086 12.39642 22.96733
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Fig. 2. Transient responses of radial stress rr at the interfaces for Case A (a) at the internal interface n = 0.6; (b) at the external interface n = 0.9.
H.M. Wang / Applied Mathematical Modelling 35 (2011) 1765–1781 17735. Numerical results and remarks
Transient responses of a triple-layer piezoelectric composite inﬁnite hollow cylinder will be considered in this subsection.
Suppose the composite cylinder is made of Aluminum/BaTiO3/Aluminum. The non-dimensional radius of each interface
from the inner to outer are n0 = 0.5, n1 = 0.6, n2 = 0.9 and n3 = 1.0, respectively. The material constants are listed in Table 1 [7].
Table 2 gives the ﬁrst ﬁve eigenfrequencies xm(m = 1,2, . . . ,5) of a triple-layer piezoelectric composite cylinder for differ-
ent values of v1 and v2. The results show that the eigenfrequencies decrease with the increase of v1 and v2. That is to say,
similar with that having been reported investigations for imperfectly bonded laminated piezoelectric rectangular plate [18],
the defect of the interface will also lead to the decrease of the natural frequency for the piezoelectric composite cylinder. The
lowest eigenfrequency for v1 ¼ v2 ¼ 0:5 is only 98.68% of that for v1 ¼ v2 ¼ 0 (perfectly bonded interfaces).-1.0
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Fig. 3. Transient rsponses of hoop stress rh at the three positions in the piezoelectric layer for Case A (a) at the internal surface n = 0.6; (b) at the middle
surface n = 0.75; (c) at the external surface n = 0.9.
1774 H.M. Wang /Applied Mathematical Modelling 35 (2011) 1765–1781In the following, the transient responses of the piezoelectric composite cylinder under two kinds of excitation will be
considered.
Case A: mechanical excitation. That is, the composite cylinder is subjected to a sudden constant pressure at the inner sur-
face and both the inner and outer surfaces of the piezoelectric layer are electrically shorted. The boundary conditions are
then expressed asFigq1ðsÞ ¼ HðsÞ; q2ðsÞ ¼ 0;
/1ðsÞ ¼ 0; /2ðsÞ ¼ 0:
ð56Þwhere H() denotes the Heaviside step function.
Fig. 2 depicts the transient responses of radial stress rr at the two interfaces of piezoelectric composite cylinders sub-
jected to mechanical excitation (Case A). It is found that at each interface, the responses of radial stress for imperfectly
bonded interface ðv1 ¼ v2 ¼ 0:2Þ have signiﬁcant difference with those for perfectly bonded interface ðv1 ¼ v2 ¼ 0Þ. We also
observed that, for a piezoelectric composite cylinder subjected to a sudden constant pressure at the inner surface, the curves
of radial stress response at the perfectly bonded interfaces vary more dramatically than those at the imperfectly bonded
interfaces.
For Case A, the responses of hoop stress rh at the three points (n = 0.6, 0.75 and 0.9) in the piezoelectric layer are shown in
Fig. 3. The differences between the responses for the cylinder with perfectly bonded interfaces and those with the imper-
fectly bonded interfaces are also clearly presented. It is founded that the responses of hoop stress is almost quasi-periodic
and the maximum hoop stress is tensile.
Case B: electric potential excitation. That is, the outer surface of the piezoelectric layer is subjected to a sudden constant
electric potential excitation while the inner surface of the piezoelectric layer is electrically shorted and both the inner and
outer surfaces of composite cylinder are traction free. Thusq1ðsÞ ¼ 0; q2ðsÞ ¼ 0;
/1ðsÞ ¼ 0; /2ðsÞ ¼ HðsÞ:
ð57ÞFor the electric potential excited piezoelectric composite cylinder, the elastic and electric ﬁelds are illustrated in Figs. 4–6.
It is noticed that the weakness of the interface has notable effect on the transient responses of the radial and hoop stresses
when the piezoelectric composite cylinder is excited by the external imposed electric potential. Unlike the behavior of the-2.0
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. 4. Transient responses of radial stress rr at the interfaces for Case B. (a) at the internal interface n = 0.6; (b) at the external interface n = 0.9.
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Fig. 5. Transient responses of hoop stress rh at the three positions in the piezoelectric layer for Case B (a) at the internal surface n = 0.6; (b) at the middle
surface n = 0.75; (c) at the external surface n = 0.9.
H.M. Wang / Applied Mathematical Modelling 35 (2011) 1765–1781 1775disturbed elastic ﬁeld, in the piezoelectric layer, the distributions of the electric potential at the times s = 1.0 and 3.0, shown
in Fig. 6, illustrate that the weakness of the interface have little effect on the electric ﬁeld. We also noticed that the distri-
bution of the electric potential in the piezoelectric layer is a weak nonlinear curve.6. Conclusions
An exact elastodynamic solution is developed by means of the state space method and normal mode expansion method
for a triple-layer piezoelectric composite cylinder with imperfect interfaces which are modeled by a linear spring layers. The
detailed procedure for determining the eigenfrequency and eigenfunction as well as the orthogonal properties of the eigen-
function for the piezoelectric composite cylinder with mechanical imperfect interfaces is presented. It should also be pointed
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Fig. 6. Distributions of electric potential / at the different times for case B (a) at the time s = 1.0; (b) at the time s = 3.0.
1776 H.M. Wang /Applied Mathematical Modelling 35 (2011) 1765–1781out that besides mechanical imperfection, there might also be electrical imperfection. Because the effect of the electrical
imperfection is less serious than that of the mechanical one [21–23], the present work only model the interface to be
mechanically imperfect.
Numerical results show that the transient electromechanical responses are sensitive to the weakness of the mechanically
imperfect interface. The present solution is an important foundation in the inversion analysis engineering for evaluating the
interfacial properties, such as nondestructive testing, structural health monitoring etc.
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Appendix A
With the aid of Eq. (36), Eqs. (34a) and (34b) can be written asXð1Þðn; sÞ ¼ T ð1ÞðnÞXð1Þðn0; sÞ ðn0 6 n 6 n1Þ; ðA:1Þ
Xð2Þðn; sÞ ¼ T ð2ÞðnÞ½Pð1ÞXð1Þðn0; sÞ þ Gð2ÞðnÞgðsÞ ðn1 6 n 6 n2Þ; ðA:2Þ
Xð3Þðn; sÞ ¼ T ð3ÞðnÞ Pð2ÞXð1Þðn0; sÞ þ Gð2ÞgðsÞ
h i
ðn2 6 n 6 n3Þ; ðA:3ÞwherePð1Þ ¼ Pð1ÞT ð1Þðn1Þ; Pð2Þ ¼ Pð2ÞT ð2Þðn2ÞPð1ÞT ð1Þðn1Þ;
Gð2Þ ¼ Pð2ÞT ð2Þðn2ÞGð2Þðn2Þ:
ðA:4ÞNoticing that Xð1Þðn0; sÞ ¼ uð1Þs ðn0; sÞ; n0q1ðsÞ
n oT
, then by utilizing Eq. (41), uðiÞs ðn; sÞ ði ¼ 1;2;3Þ is then determined as pre-
sented in Eq. (42) and f ðiÞj ðnÞ ði ¼ 1;2;3; j ¼ 1;2;3Þ is presented here as
H.M. Wang / Applied Mathematical Modelling 35 (2011) 1765–1781 1777f ð1Þ1 ðnÞ ¼ n0 Tð1Þ12 ðnÞ 
H22
H21
Tð1Þ11 ðnÞ
 
;
f ð1Þ2 ðnÞ ¼
1
H21
T ð1Þ11 ðnÞ; f ð1Þ3 ðnÞ ¼ 
M2
H21
Tð1Þ11 ðnÞ;
ðA:5Þ
f ð2Þ1 ðnÞ ¼ n0 Tð2Þ11 ðnÞ Pð1Þ12 
H22
H21
Pð1Þ11
 
þ Tð2Þ12 ðnÞ Pð1Þ22 
H22
H21
Pð1Þ21
  
;
f ð2Þ2 ðnÞ ¼
1
H21
T ð2Þ11 ðnÞPð1Þ11 þ T ð2Þ12 ðnÞPð1Þ21
h i
;
f ð2Þ3 ðnÞ ¼ Tð2Þ11 ðnÞ Gð2Þ1 ðnÞ 
M2
H21
Pð1Þ11
 
þ Tð2Þ12 ðnÞ Gð2Þ2 ðnÞ 
M2
H21
Pð1Þ21
 
;
ðA:6Þ
f ð3Þ1 ðnÞ ¼ n0 Tð3Þ11 ðnÞ Pð2Þ12 
H22
H21
Pð2Þ11
 
þ Tð3Þ12 ðnÞ Pð2Þ22 
H22
H21
Pð2Þ21
  
;
f ð3Þ2 ðnÞ ¼
1
H21
T ð3Þ11 ðnÞPð2Þ11 þ T ð3Þ12 ðnÞPð2Þ21
h i
;
f ð3Þ3 ðnÞ ¼ Tð3Þ11 ðnÞ Gð2Þ1 
M2
H21
Pð2Þ11
 
þ Tð2Þ12 ðnÞ Gð2Þ2 
M2
H21
Pð2Þ21
 
:
ðA:7ÞAppendix B
The detailed procedure for determining the eigenfrequencyxm and eignfunction RðiÞm ðxm; nÞ for a triple-layer piezoelectric
composite cylinder with imperfect interfaces is shown in this Appendix.
Inspecting the differential form at the left-hand side of Eq. (43), we have the hint that RðiÞm ðxm; nÞ can be assumed asRðiÞm ðxm; nÞ ¼ EðiÞ1 Jli
xm
ci
n
	 

þ EðiÞ2 Yli
xm
ci
n
	 

ði ¼ 1;2;3Þ; ðB:1Þwhere EðiÞ1 and E
ðiÞ
2 are undetermined constants, Jli ðÞ and Yli ðÞ are Bessel functions of the ﬁrst and second kinds of order li,
and xm is eigenfrequency.
From the ﬁrst equation in Eq. (16) and the second equation in Eq. (20), we knowrðiÞrd ¼ RðiÞrd=n: ðB:2Þ
Substituting Eq. (45) into the second equation in Eq. (25) and utilizing Eq. (B.2), we obtainrðiÞrd ðn; sÞ ¼
X1
m¼1
rðiÞm ðxm; nÞXmðsÞ; ðB:3ÞwhererðiÞm ðxm; nÞ ¼ @ðiÞ RðiÞm ðxm; nÞ
h i
ði ¼ 1;2;3Þ: ðB:4ÞThe operator @ðiÞðÞ is@ðiÞðÞ ¼ cðiÞ33
@
@n
þ cðiÞ13
1
n
ði ¼ 1;2;3Þ: ðB:5ÞSubstituting Eq. (B.1) into Eq. (B.4), we obtainrðiÞm ðxm; nÞ ¼ EðiÞ1 @ðiÞ Jli
xm
ci
n
	 
 
þ EðiÞ2 @ðiÞ Yli
xm
ci
n
	 
 
ði ¼ 1;2;3Þ: ðB:6ÞSetting n = ni1 (i = 1,2,3) in Eqs. (B.1) and (B.6), we obtainRðiÞm ðxm; ni1Þ ¼ EðiÞ1 Jli
xm
ci
ni1
	 

þ EðiÞ2 Yli
xm
ci
ni1
	 

;
rðiÞm ðxm; ni1Þ ¼ EðiÞ1 @ðiÞ Jli
xm
ci
ni1
	 
 
þ EðiÞ2 @ðiÞ Yli
xm
ci
ni1
	 
 
:
ðB:7ÞThen EðiÞ1 and E
ðiÞ
2 can be determined from Eq. (B.7). Substituting the obtained E
ðiÞ
1 and E
ðiÞ
2 into (B.1) and (B.5), the expressions
for rðiÞm ðxm; nÞ and RðiÞm ðxm; nÞ can be written in a matrix form as
ZðiÞm ðxm; nÞ ¼ SðiÞm ðxm; nÞZðiÞm ðxm; ni1Þ ðni1 6 n 6 ni; i ¼ 1;2;3Þ; ðB:8Þ
1778 H.M. Wang /Applied Mathematical Modelling 35 (2011) 1765–1781whereZðiÞm ðxm; nÞ ¼
RðiÞm ðxm; nÞ
rðiÞm ðxm; nÞ
( )
; SðiÞm ðxm; nÞ ¼
SðiÞm;11ðxm; nÞ SðiÞm;12ðxm; nÞ
SðiÞm;21ðxm; nÞ SðiÞm;22ðxm; nÞ
" #
; ðB:9Þin whichSðiÞm;11ðxm; nÞ ¼ @ðiÞ Yli
xm
ci
ni1
	 
 
Jli k
i
mn
 
 @ðiÞ Jli
xm
ci
ni1
	 
 
Yli k
i
mn
 	 

=KðiÞ;
SðiÞm;12ðnÞ ¼ Jli
xm
ci
ni1
	 

Yli
xm
ci
n
	 

 Yli
xm
ci
ni1
	 

Jli k
i
mn
  
=KðiÞ;
SðiÞm;21ðnÞ ¼ @ðiÞ Yli
xm
ci
ni1
	 
 
@ðiÞ Jli
xm
ci
n
	 
 
 @ðiÞ Jli
xm
ci
ni1
	 
 
@ðiÞ Yli
xm
ci
n
	 
 	 

=KðiÞ;
SðiÞm;22ðnÞ ¼ Jli
xm
ci
ni1
	 

@ðiÞ Yli
xm
ci
n
	 
 
 Yli
xm
ci
ni1
	 

@ðiÞ Jli
xm
ci
n
	 
 	 

=KðiÞ;
KðiÞ ¼ @ðiÞ Yli
xm
ci
ni1
	 
 
Jli
xm
ci
ni1
	 

 @ðiÞ Jli
xm
ci
ni1
	 
 
Yli
xm
ci
ni1
	 

ði ¼ 1;2;3Þ:
ðB:10ÞSetting n = ni (i = 1,2,3) in Eq. (B.8), we deriveZðiÞm ðxm; niÞ ¼ SðiÞm ðxm; niÞZðiÞm ðxm; ni1Þ ði ¼ 1;2;3Þ: ðB:11Þ
With the aid of Eq. (B.2), Eq. (28) can be written in a matrix form asZð2Þm ðxm; n1Þ ¼ Y ð1ÞZð1Þm ðxm; n1Þ;
Zð3Þm ðxm; n2Þ ¼ Y ð2ÞZð2Þm ðxm; n2Þ;
ðB:12ÞwhereY ð1Þ ¼ 1
v1
0 1
 
; Y ð2Þ ¼ 1
v2
0 1
 
: ðB:13ÞBy means of Eqs. (B.11) and (B.12), the relationship between the state vector at the external surface and that at the internal
surface is then derived asZð3Þm ðxm;1Þ ¼ SmðxmÞZð1Þm ðxm; n0Þ; ðB:14Þ
whereSmðxmÞ ¼ Sð3Þm ðxm; n3ÞY ð2ÞSð2Þm ðxm; n2ÞY ð1ÞSð1Þm ðxm; n1Þ: ðB:15Þ
With the aid of Eqs. (45) and (B.3), the following equations can be derived from Eq. (27) asrð1Þm ðxm; n0Þ ¼ 0; rð3Þm ðxm;1Þ ¼ 0: ðB:16Þ
The substitution of Eq. (B.16) into Eq. (B.14) derivesRð3Þm ðxm;1Þ
0
( )
¼ Sm;11ðxmÞ Sm;12ðxmÞ
Sm;21ðxmÞ Sm;22ðxmÞ
" #
Rð1Þm ðxm; n0Þ
0
( )
: ðB:17ÞThe existence of nontrivial solution in Eq. (B.17) leads toSm;21ðxmÞ ¼ 0: ðB:18ÞEq. (B.18), a transcendental equation, is the eigenequation from which a series of positive real roots, named as eigenfrequen-
cy xm (m = 1,2, . . . ,1), can be obtained. Utilizing Eqs. (B.11) and (B.12), the eigenfunction RðiÞm ðxm; nÞ, can be obtained from
the Eq. (B.8) asRð1Þm ðxm; nÞ ¼ eSð1Þm;11ðxm; nÞRð1Þm ðxm; n0Þ;
Rð2Þm ðxm; nÞ ¼ eSð2Þm;11ðxm; nÞRð1Þm ðxm; n0Þ;
Rð3Þm ðxm; nÞ ¼ eSð3Þm;11ðxm; nÞRð1Þm ðxm; n0Þ;
ðB:19Þ
H.M. Wang / Applied Mathematical Modelling 35 (2011) 1765–1781 1779where eS ð1Þm ðxm; nÞ ¼ Sð1Þm ðxm; nÞ;eS ð2Þm ðxm; nÞ ¼ Sð2Þm ðxm; nÞY ð1ÞSð1Þm ðxm; n1Þ;eS ð3Þm ðxm; nÞ ¼ Sð3Þm ðxm; nÞY ð2ÞSð2Þm ðxm; n2ÞY ð1ÞSð1Þm ðxm; n1Þ:
ðB:20ÞIt is noted that Rð1Þm ðxm; n0Þ in Eq. (B.19) is a common coefﬁcient in each layer. In the calculation, we can adopt
Rð1Þm ðxm; n0Þ ¼ 1. Thus RðiÞm ðxm; nÞ is determined completely. The proof for the orthogonal property of RðiÞm ðxm; nÞ is presented
in Appendix C.
Appendix C
The proof of the orthogonal property of RðiÞm ðxm; nÞ is presented in this Appendix.
Suppose xm and xj are two different eigenfrequencies. Then we haver2  l2i
 
RðiÞm ðxm; nÞ þ ðkimnÞ2RðiÞm ðxm; nÞ ¼ 0; ðC:1Þ
r2  l2i
 
RðiÞj ðxj; nÞ þ ðkijnÞ2RðiÞj ðxj; nÞ ¼ 0; ðC:2Þwherekim ¼ xm=ci; kij ¼ xj=ci: ðC:3Þ
Eq. (C.1)RðiÞj ðxj; nÞ–Eq. (C.2)RðiÞm ðxm; nÞ derivesn2 ðkimÞ2  ðkijÞ2
h i
RðiÞm ðxm; nÞRðiÞj ðxj; nÞ ¼ RðiÞm ðxm; nÞr2RðiÞj ðxj; nÞ  RðiÞj ðxj; nÞr2RðiÞm ðxm; nÞ: ðC:4Þ
With the aid of Eq. (44), Eq. (C.4) can be rewritten asqðiÞ
cðiÞ33
x2m x2j
 
nRðiÞm ðxm; nÞRðiÞj ðxj; nÞ ¼ RðiÞm ðxm; nÞ
d
dn
rRðiÞj ðxj; nÞ  RðiÞj ðxj; nÞ
d
dn
rRðiÞm ðxm; nÞ; ðC:5ÞIntegrating Eq. (C.5) at the spatial interval [ni1,ni] derivesqðiÞ x2m x2j
 Z ni
ni1
nRðiÞm ðxm; nÞRðiÞj ðxj; nÞdn ¼ cðiÞ33 RðiÞm ðxm; nÞrRðiÞj ðxj; nÞ  RðiÞj ðxj; nÞrRðiÞm ðxm; nÞ
h ini
ni1
ðC:6ÞEq. (B.4) can be rewritten ascðiÞ33rRðiÞm ðxm; nÞ ¼ nrðiÞm ðxm; nÞ  cðiÞ13RðiÞm ðxm; nÞ;
cðiÞ33rRðiÞj ðxj; nÞ ¼ nrðiÞj ðxj; nÞ  cðiÞ13RðiÞj ðxj; nÞ:
ðC:7ÞThe substitution of Eq. (C.7) into Eq. (C.6) derivesqðiÞ x2m x2j
 Z ni
ni1
nRðiÞm ðxm; nÞRðiÞj ðxj; nÞdn ¼ n RðiÞm ðxm; nÞrðiÞj ðxj; nÞ  RðiÞj ðxj; nÞrðiÞm ðxm; nÞ
h ini
ni1
: ðC:8ÞConsidering the homogeneous boundary conditions in Eq. (27), then we haverð3Þm ðxm;1Þ ¼ 0; rð3Þj ðxj;1Þ ¼ 0;
rð1Þm ðxm; n0Þ ¼ 0; rð1Þj ðxj; n0Þ ¼ 0:
ðC:9ÞEq. (C.8) contains three equations when we set i = 1, 2 and 3, respectively. The summation of the three equations
derivesX3
i¼1
qðiÞ x2m x2j
 Z ni
ni1
nRðiÞm ðxm; nÞRðiÞj ðxj; nÞdn ¼ Rð3Þm ðxm;1Þrð3Þj ðxj;1Þ  Rð3Þj ðxj;1Þrð3Þm ðxm;1Þ
þ n2   Rð3Þm ðxm; n2Þrð3Þj ðxj; n2Þ  Rð3Þj ðxj; n2Þrð3Þm ðxm; n2Þ
h i
þ Rð2Þm ðxm; n2Þrð2Þj ðxj; n2Þ  Rð2Þj ðxj; n2Þrð2Þm ðxm; n2Þ
h in o
þ n1   Rð2Þm ðxm; n1Þrð2Þj ðxj; n1Þ  Rð2Þj ðxj; n1Þrð2Þm ðxm; n1Þ
h i
þ Rð1Þm ðxm; n1Þrð1Þj ðxj; n1Þ  Rð1Þj ðxj; n1Þrð1Þm ðxm; n1Þ
h in o
 Rð1Þm ðxm; n0Þrð1Þj ðxj; n0Þ þ Rð1Þj ðxj; n0Þrð1Þm ðxm; n0Þ
h i
: ðC:10Þ
1780 H.M. Wang /Applied Mathematical Modelling 35 (2011) 1765–1781The following equations can be derived from Eq. (28) asRð2Þm ðxm; n1Þ ¼ Rð1Þm ðxm; n1Þ þ v1rð1Þm ðxm; n1Þ; rð2Þm ðxm; n1Þ ¼ rð1Þm ðxm; n1Þ;
Rð2Þj ðxj; n1Þ ¼ Rð1Þj ðxj; n1Þ þ v1rð1Þj ðxj; n1Þ; rð2Þj ðxj; n1Þ ¼ rð1Þj ðxj; n1Þ;
Rð3Þm ðxm; n2Þ ¼ Rð2Þm ðxm; n2Þ þ v2rð2Þm ðxm; n2Þ; rð3Þm ðxm; n2Þ ¼ rð2Þm ðxm; n2Þ;
Rð3Þj ðxj; n2Þ ¼ Rð2Þj ðxj; n2Þ þ v2rð2Þj ðxj; n2Þ; rð3Þj ðxj; n2Þ ¼ rð2Þj ðxj; n2Þ:
ðC:11ÞWith the aid of Eq. (C.11), we learn Rð3Þm ðxm; n2Þrð3Þj ðxj; n2Þ  Rð3Þj ðxj; n2Þrð3Þm ðxm; n2Þ
h i
þ Rð2Þm ðxm; n2Þrð2Þj ðxj; n2Þ  Rð2Þj ðxj; n2Þrð2Þm ðxm; n2Þ
h i
¼  Rð2Þm ðxm; n2Þ þ v2rð2Þm ðxm; n2Þ
h i
rð2Þj ðxj; n2Þ þ Rð2Þj ðxj; n2Þ þ v2rð2Þj ðxj; n2Þ
h i
rð2Þm ðxm; n2Þ
þ Rð2Þm ðxm; n2Þrð2Þj ðxj; n2Þ  Rð2Þj ðxj; n2Þrð2Þm ðxm; n2Þ ¼ 0: ðC:12Þand Rð2Þm ðxm; n1Þrð2Þj ðxj; n1Þ  Rð2Þj ðxj; n1Þrð2Þm ðxm; n1Þ
h i
þ Rð1Þm ðxm; n1Þrð1Þj ðxj; n1Þ  Rð1Þj ðxj; n1Þrð1Þm ðxm; n1Þ
h i
¼  Rð1Þm ðxm; n1Þ þ v1rð1Þm ðxm; n1Þ
h i
rð1Þj ðxj; n1Þ þ Rð1Þj ðxm; n1Þ þ v1rð1Þj ðxj; n1Þ
h i
rð1Þm ðxm; n1Þ
þ Rð1Þm ðxm; n1Þrð1Þj ðxj; n1Þ  Rð1Þj ðxj; n1Þrð1Þm ðxm; n1Þ ¼ 0: ðC:13ÞWith the aid of Eqs. (C.9), (C.12) and (C.13), Eq. (C.10) is then simpliﬁed asX3
i¼1
qðiÞ x2m x2j
 Z ni
ni1
nRðiÞm ðxm; nÞRðiÞj ðxj; nÞdn ¼ 0: ðC:14ÞWith the pre-assumption xm–xj, then we haveX3
i¼1
qðiÞ
Z ni
ni1
nRðiÞm ðxm; nÞRðiÞj ðxj; nÞdn ¼ 0: ðC:15ÞFor the case xm =xj, we multiply Eq. (C.1) by 2 ddn R
ðiÞ
m ðxm; nÞ
h i
and then obtaind
dn
n
d
dn
RðiÞm ðxm; nÞ
 2
 l2i
d
dn
RðiÞm ðxm; nÞ
h i2
þ ðkimnÞ2RðiÞm ðxm; nÞ
d
dn
RðiÞm ðxm; nÞ
h i
¼ 0: ðC:16ÞIntegrating Eq. (C.16) at the spatial interval [ni1,ni] and utilizing Eqs. (C.3) and (44), we haveZ ni
ni1
qðiÞn RðiÞm ðxm; nÞ
h i2
dn ¼ 1
2
cðiÞ33
x2m
n
d
dn
RðiÞm ðxm; nÞ
 2
þ qðiÞn2  l
2
i
cðiÞ33
x2m
RðiÞm ðxm; nÞ
h i2( )
ni
ni1
: ðC:17ÞThen the summation of Eq. (C.17) derivesX3
i¼1
Z ni
ni1
qðiÞn RðiÞm ðxm; nÞ
h i2
dn ¼ Jm; ðC:18ÞwhereJm ¼
X3
i¼1
1
2
cðiÞ33
x2m
n
d
dn
RðiÞm ðxm; nÞ
 2
þ qðiÞn2  l
2
i
cðiÞ33
x2m
RðiÞm ðxm; nÞ
h i2( )
ni
ni1
: ðC:19ÞThe orthogonal property of the eigenfunction RðiÞm ðxm; nÞ is synthesized asX3
i¼1
Z ni
ni1
qðiÞnRðiÞm ðxm; nÞRðiÞj ðxj; nÞdn ¼ Jmdmj; ðC:20Þwhere dmj is the Kronecker delta (dmj = 0 for m– j and dmj = 1 for m = j).
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